72 PART |: Solutions to Odd-Numbered Exercises and Practice Tests

Section 1.5 Inverse Functions

m  Two functionsf and g are inverses of each other if f(g(x)) = x for every x in the domain of g and g(f(x)) = x
for every x in the domain of f.

m  Beableto find the inverse of afunction, if it exists.
1. Replacef(x) withy.
2. Interchange x and y.

3. Solvefor'y. If this equation represents y as a function of x, then you have found f ~(x). If this equation
does not represent y as afunction of x, then f does not have an inverse function.
m A function f has an inverse function if and only if no horizontal line crosses the graph of f at more than one
point.
m A function f has an inverse function if and only if fisone-to-one.

Solutions to Odd-Numbered Exercises

1. Theinverseisalinethrough (—1, 0). 3. Theinverseis half a parabola starting at (1, 0).
Matches graph (). Matches graph (a).
_ X 1 B
5-fl(X)=§=§X 7. f71x) =x— 10
f(f1(x)) = f(x — 10) = (x — 10) + 10 = X
(1) = f(~ ] = 82 ) = x
8 8 f71(f() =f1(x + 10) = (x + 10) — 10 = x

f(f(x)) = f~%(8x) = 8 _ X

8
9. F-1(x) = X; !
f(ffl(X))=f(X; 1) =2(X;1> +1=(Xx—-1)+1=x
() = fi2x+ 1) = X T DL 2
2 2
10 1% =3 13. (8 f(gx) = f@ =2 ;) = x
f(f3(x) = f() = I = x o
f=1(f(x)) = f*l(\B/;() - (\3&)3 = x 9(f(x) = g(2x) = 5 X
(b) y
1

} } } } }
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x—1
5

15. (a) f(gx) = f(xgl> - 5( ) +1=x

g(f(x) = gbx + 1) = 5

(b) y

N A O ©

2 4 6 8

19. (a) f(g(x) = f(x® + 4), x=0
= Joe+ 4 - a=x
9(f) = g(vx — 4)
=(Ux—4+4=x
(b) 10

L liney = x

5+ 1) -1
Gx+D-1_

[ [g
/ Reflectionsin the

17. (@ fg) = f(¥%) = (¥x)° = x
g(f(0) = gd) = I = x
(b) .

Reflectionsintheliney = x

21. (a) f(g(x))=f(31—x)=1—(31—x))3=1—(1—x)=x

9(f¥) =gl —x) = I1 - (1 - %) = ¥ = x

(b) 1 13
e} x
02 4 6 8 1012 14

Reflectionsintheliney = x

X+ 6 7 2x+6 X+ 6
25 @ o) = 1 - 28) - 72 83 x+9-3-x
(7N 2-Xx-3+6 -x-6+6_ Tx_
olf(9) = o ~3x— 3) - 96 6re_m_,
®|x |2 o | -2]-4]|-6
fx)| —10 | —3 | 4 11 18
X -10| -3 | 4 11 18
gx | 2 0 -2 | -4 | -6

Note that the entries in the tables are the same except that the rows are interchanged.
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25. (@) f(gx) =f(¥x—5) =[x -5 +5=(x—5) +5=x

g(f() =g +5 = JCT5 5= Id=x
() X -3 -2 -1]|0]|1

f)| —22| -3 | 4 56

X -22| -3 | 4 5|6
gx) | —3 -2 -1|0|1

Note that the entries in the tables are the same except that the rows are interchanged.

27. (@) f(gx) =fB8+x)=—-/B8+x) —8=—-Ux2=—(—x) =X
[Sincex < 0, /X2 = —X]
gf() =g(-vx—8) =8+ [-/x—8 =8+ (x— 8 =x

(b)
x | 8|9 |12 |17 |24

fx)| 0| -1| -2 | -3 | -4

x |0|-1|-2| -3| -4
gx | 8|9 |12 |17 | 24

Note that the entries in the tables are the same except that the rows are interchanged.

29. Since no horizontal line crosses the graph of 31. Since some horizontal lines cross the graph of
f at more than one point, f has an inverse. f twice, f does not have an inverse.

6 3

4 L N1 g -3 01— S

33. No, because some horizontal lines intersect the 35. Yes, because no horizontal lines intersect the

graph more than once, h does not have an inverse. graph at more than one point, f has an inverse.

| o
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37. f does not pass the horizontal line test, so f has no

inverse.

T T A R S |

41 h(x) = |x + 4] — |x — 4

T T

P AT e

o T T T

h does not pass the horizontal line test, so h does
not have an inverse.

45, f(x) =x° 4
y=x° i
X — y5 F o | — [ 111116
y = x :
f1(x) = x -

Reflectionsin theliney = x

49. f(x)=J/4—-x3,0<x<2

y=4-x
Xx=J4—-y?
x2=4-y?
y2 =4 — x2
y=4-x

f71x) = V4 —x4,0<x< 2

3

0 I I | 4
0

Reflectionsintheliney = x

39. g passes the horizontal line test, so g has an

inverse.

T T &

10[)/

43, f(x) =2x—3

y=2x—3
XxX=2y—3
_x+3
=7
X+ 3
fi(x) =
() 5

|
ST

Reflectionsintheliney = x

47.  f(x) = Jx
y = VX
x=y
y=x

f~i(x) = x3, x=0

Reflectionsintheliney = x

51. fx) = Ix—-1

y=3x-1
x=3y—-1
XC=y—-1
y=x3+1
fix)=x*+1

-6

L1101 f

L R

T

|_—

Reflectionsintheliney = x
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4
53 f(X)Z; .
_4 i
y X _Gllllllklllllle
4 \*
X = [
y )
xy =4
_4
Y=X
4
-1, — —
f~1(x) ~

Reflectionsin theliney = x

57. fx) = X4 6
:3x+4 /
y 5 Y // .......
_3y+4 //
X = 5 C
-6
S5x=3y+ 4
bx — 4 = 3y
(5x—4)/3=y
5t — 4
—1, —
f~1(x) 3

f is one-to-one and has an inverse.

55. f(x) = x*
y=x*
x=y
y=+¥x

f is not one-to-one.

This does not represent y as a function of x.
f does not have an inverse.

59. f(x) = (x+ 3)%, x=—-3, y=0
y=(x+3)? x=2-3,y=0
x=(y+332 y=-3 x=0

Jx=y+3 ,y=2-3 x20
y=Jx—3, x20, y=-3

f isone-to-one.

Thisisafunction of x, so f has an inverse.

f-1x) = /x— 3, x=0

Ol j- ......... 9

-6

4
61. h(x) = 2 is not one-to-one, and does not have an inverse. For example, h(1) = h(—1) = 4.

63. f(x) = v2x+3 O xz—g, y=0
3
y=J2X+ 3, XZ_E’ y=20
X=J2y+ 3 yz—g, x=0

3
= , Xx20,y=>——
=7
f isoneto one.
Thisisafunction of x, so f has an inverse.
X2 —3

f=x) = 5

, X=0

A /7? .

-6
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65. gix) = x> — x*

The graph fails the horizontal line tet,
so g does not have an inverse. g is not one-to-one.

69. If weletf(x) = (x — 2)%, x=2, thenf hasan
inverse. [Note: we could also let x < 2.]

f(x) = (x— 2?2 x=22, y=0
y=(X—232 x=22,y=20
X=(y— 2?2 x=0, y=2

Ux=y—-2 x20 y=2

Ix+ 2=y,
Thus, f~1(x) = VX + 2, x=0.

x20,y=2

73. X f(x) x %)
-2 —4 —4 -2
-1 -2 -2 -1
1 2 2 1
3 3 3 3

75 fx)=x3+x+1

T o

N L]

—6\11111/‘%6

-3

The graph of the inverse relation is an inverse
function since it satisfies the vertical line test.

67. f(x)=ax+b,a#0

y=a+b

Xx=ay+b
X—b=ay

y=(X-b)/a

f is one-to-one and has an inverse, f ~1(x) = ~— b

71 If weletf(x) = |x + 2|, x= —2, thenfhasan
inverse. [Note: we could also let x < —2]

fx) =[x+ 2|, x=-2
f(x) =x+ 2 when x= -2
y=Xx+2 x=-2,y20
X=y+2 x=20,y=-2
X—2=Yy, x=20, y=-2

Thus, f1(x) = x — 2, x=0.

BN oW A
L n L '
t t t t

,1 +
_2 +
3+
3x2
77. gx) = 241
4

T N

o

2

The graph of the inverse relation is not an inverse
function since it does not satisfy the vertical line test.

In Exercises 79, 81, and 83, f(x) = %x -3, f~1x) = 8(x + 3), gx) = x5, g~x) = Ix.

79. (f~1og1)(1) =f g %1) = f4¥1) =8(¥1+3)=81+3) =32

8L (ft-f1)(6) =f2(f1(6) =f 486 + 3]) = %72 = 8(72 + 3) = 600
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83. (f-g)x) =f(g(x) = f(x3 = 2 — 3. Now find the inverse of (f-g)(x) = x° — 3:

y=5¢—3

X=3y® -3
x+3=%
8x+3) =y
JBx+3 =y

(feg *(x) =2%x+3
Note: (feg) t=gtof1

+5
In Exercises85and 87, f(x) = x + 4, f*(x) = x — 4, gx) = 2x — 5, g7(x) = X 2
x—4)+5 x+1
2 2

85. (g t-f () =g f ) =gix—4) =

87. (f og)(x) = f(g(x)) =f(2x — 5) = (2x — 5) + 4 = 2x — 1 Now find the inverse of (f - g)(x) = 2x — 1:

y=2x-1
x=2y—-1
X+1=2y
y:x+1
2
(f-9 i = X

Notethat (f - g)~1(x) = (g~* - f~1)(x); see Exercise 94.

89. (a) y = 8 + 0.75x (b)y =0
X = 8 + 0.75y -
X — 8 = 0.75y -
X_8— 0 T N N S T N )
0rs Y 0
-8 .
y = f-1(x) = XO = (©) If 10 units are produced, theny = 8 + 0.75(10) = $15.50
x = hourly wage (d) If the hourly wage is $22.25, then
y = number of units produced _2225-8

075 = 19 units.



