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111. 22 —-—x=21
22—-x—1=20
2x+1)x—1) =0

[2x+1=20andx—1=0] or [2x+ 1< Oandx — 1< Q]

1

[x = —3andx = 1] or [x < —Zandx < 1]

Xx=1 or

[= FENYN

t t t t
-2 -1 0 1 2

13 |x+8 —1215

|x + 8| = 16
X+ 8=16 or X+ 8< —16
Xx=8 or X< —24

1 . . . X
J—+——+—+—F
-32-24 -16 -8 0 8 16

115. Vertex: (0, —8)
fx) =a(x— 02 —-—8=ax* — 8
Point: (5,9) O 9=al5)?—-8

17 = 25a
17

a=gs
f(0) = 25 — 8

117. Vertex: (=5, —2)
f(x) = a(x + 52— 2
Point: (0,3) O 3=al0+52—-2
5= 25a
f(x) = 2(x + 5)2 — 2

Section 2.3  Real Zeros of Polynomial Functions

Synthetic Division

The Rational Zero Test
The Upper and Lower Bound Rule

You should know the following basic techniques and principles of polynomial division.
The Division Algorithm (Long Division of Polynomials)

f(k) isequal to the remainder of f(x) divided by (x — k).
f(k) = 0if and only if (x — k) isafactor of f(x).
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Solutions to Odd-Numbered Exercises

1y,=4+
Yo < —1

_Ax-1+4
B x—1
_AX—-4+4
 ox—1
&
x—1

=Y

_

L a0

) A A

-2

5.y, =x3—4x +

X+ 1
G — 4x)(x% + 1) + 4x
N X2+ 1
X2+ X3 — 43 — 4x + 4x
N X2+ 1 °
X =3
+1 N
X + 4
7. x+3) 2+ 10x + 12
— (2 + 6x)
4x + 12
— (4x + 12)
0
2x? +X1+0x3+ 12 _ ot 4

3. y2=x—2+X7

_ xX=29x+2) +4
B X+ 2
X¥—4+4

X+ 2

11

LA 21

L

X — 33X +1
9. 4x+5) 43— 7@ —1Ix+ 5
— (43 + 5%
—12x¢ — 11x
—(—12x2 — 15x)
4Xx + 5
— (4x +5)
0
4x3—7x2—11x+5:X2_3X+1

4x + 5
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7 33X +5
n x+2) X+ 3 13. 2+ 0x+1) 6x3+ 10X+ X + 8
— (7x + 14) — (63 + 0%+ 3%
-1 102 — 2x + 8
— (10x* + Ox + 5)
7X+3: B 11 ﬁ
X+ 2 X+ 2
6x3+10x2+x+8_3X+5_ 2x—3
2¢ + 1 22+ 1
15. X2+ 2x+ 4
2 — 22X + + 03+ 3 + 0x + x*+ 3¢+ 1 x—-1
¥—2x+3) X+0¢+3 +0x + 1 O i X =x2+2x+4+2X
— ¢ — 23 + 30 X —2x+ 3 X —2x+ 3
2¢ + 0% + 0x
—(2¢ — 4 + 6x)
42 —6x + 1
— (4 —8x + 12
2x — 11
2X
17. ¥ —2x+1) 28 —-42—-15x +5 19. 4‘ 3 -10 12 -—-22
—(2@ — 42 + 2X) 12 8 80
—17x +5 3 2 20 58
3 — 10x2 + 12x — 22
26~ 42— 15x+5 17X~ 5 3 0’;_4)( =3x2+2x+20+%
(x— 172 (x — 1)
21. 3| 6 7 -1 26 23.2 |9 -—-18 -—16 32
18 75 222 18 0 -—-32
6 25 74 248 9 0 -16 0
3 2 __ 3 _ 2 __
6x° + 7X X+26=6x2+25x+74+ 248 9x 18x 16X+32=9x2—16
X—3 X—3 X—2
25. -8 1 0 0 512 27. —% 4 16 —-23 —-15
-8 64 —512 -2 -7 15
1 -8 64 0 4 14 -30 0
X3 + 512 4x3 + 16x2 — 23x — 15
X9 _ 2 8+ 64 XTI ZEXT D 4+ 14x — 30
X+ 8 X+5

20. fX) =x3— x> — W4x+ 11, k=4

4 1 -1 -14 1
4 12 -8
1 3 -2 3

fx)=x—4Hx+3x—2)+3
f(4) = (0)(26) + 3=3

3L fX) =x+ 32 —2x— 14, k= /2

J2 1 3 -2 —14
J2 2+ 3/2 6
1 3+ /2 3.2 -8

f0) = (x - V2)@+ (3+ V2)x+3/2 - 8
f(v/2) = (0)(4 + 64/2) — 8= -8
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3B.1-J/3|4 -6 -12 -4
4-4/3 10-2J3 4

4 -2-4/3 -2-2/3 0
fx) = (x— 1+ V/3)[42 — (2 +4/3)x — (2 + 2./3)]

fl1-v3)=0
35. f(x) = 4x3 — 13x + 10
@14 0 -13 10 () 2| 4 0 -13 10
4 4 -9 -8 16 -6
4 4 -9 1 =fQ) 4 -8 3 _4=1(-2
©3|4 0 -13 10 d 8 | 4 0 -13 10
1 -6 32 256 1944
4 2 -12  4=1(3) 4 32 243 1954 =19

37. h(x) =3+ 52 —10x + 1

@3[3 5 -10 1 M3[/3 5 —-10 1
‘ 9 42 9 ‘ 1 2 -3
3 14 32 97 =(@ 3 6 -8 -3=f3
© —2‘ 3 5 -10 1 (d) -5 ‘ 3 5 -10 1
-6 2 16 —-15 50 —200
3 -1 -8 17 =f(-2 3 -10 40 —199 =f(-5)
39.2 | 1 0 -7 6 4. 3 |2 -15 271 -10
2 4 -6 ‘ Y 10
1 2 -3 0 2 -14 20 0
X—Tx+6=(X—-2(x+2x—3) 23 — 152 + 27x — 10
= (x— 2)(x + 3(x — 1) = (x — 3)(2& — 14x + 20)
Zeros. 2, —3,1 =(2x—1)Xx—-2)(x—5)
Zeros. %,2,5

43. -2 | 1 2 -2 -4
-2 0 4

1 0o -2 0
XR+2—2Xx—4=(X+2)(¥% -2
=X+ 2(x+ V/2)(x - V2)
Zeros. —2, V2, — 2
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45.(a)—2‘2 1 -5 2

47.8 5|1 -4 -15 58 —40
5 5 —50 40

1 1 -10 8
-4 ‘ 1 1 -10 8

2 -1 -4 12 -8
2 -1 0 1 -3 2 0
(b) Remaining factor: (2x — 1) (b) ¥ —3x+2=(x—2((x—-1),
© fx)=Kx+2x—D2x -1 Remaining factors: (x — 2), (x — 1)
(d) Real zeros: —2,1,3 © f(X) = (x —5)(x+ 4)(x — 2)(x — 1)
(e 7 (d) Redl zeros: 5, —4,2,1
(\E © 2
\ N\
N NV - , :
49. @) —3|6 41 -9 -14 (b) 6x + 42 Remaining factor (or 6(x + 7))
-3 -1 14 © f(X) =(2x+ 1Bx—2)(x+7)
6 38 -28 0 Note: Use 5(6x + 42) = x + 7
|6 38 -28 (d) Real zeros —3,5, —7
4 28 © 520
6 42 0 s
- s
5L fX) =3+ 3% —x— 3 53. f(x) = 2x* — 17x% + 35x% + 9x — 45

Possible rational zeros: =1, +3

Possiblerationa zeros, +1, +3, +£5, +9, +15, +45,
Zeros shown on graph: —3, —1, 1

Zeros shown of graph: —1,
55. f(x) =x3+x2—4x— 4 57. f(x) = —4x + 15x2 — 8x — 3

(a) Possiblerational zeros: +1, +2, +4 (@) Possiblerational zeros: +3, +3

(b) L (b) 0

b AN ] E/‘
S g i ENRRENEEN (P}
J

7 -6

(©) —2, —1, 2ongraph (©) —3, 1,3ongraph
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59. f(x) = —2x* + 13 — 21 + 2x + 8

63.

67.

71.

(8 Possiblerational zeros:
+3, +1, 2, +4, +8

(b) 1

(© —3, 1, 2, 4ongraph

—22-22-4=0

Possiblerationa zeros, +1, +2, +4

-1 1 -1 0o -2 -4
-1 2 -2 4

1 -2 2 -4 0

2 1 -2 2 -4
2 0 4
1 0 2 0

-2 -22-4=z+1)z-2)(+2) =0

The only real zerosare —1 and 2. You can verify this
by graphing the functionf(z) = 22 — 2 — 2z — 4.

2 - 113 -6+ 64x +32=0

Using a graphing utility, you can see that there are
three zeros. Using synthetic division, you can verify
that these zeros are —2, —%, 4.

hit) =t3—2t2— 7t + 2
(8) zeros: —2,3.732, 0.268
by -2 1 -2 -7 2
-2 8 -2 t=—-2isazero

1 -4 1 0
ht) = (t + 2)(t2 — 4t + 1)
=t+2t—(V3+2ft+(V3-2)

61.

65.

f(x) =6x—x2—13x + 8

(&) Possible rational zeros:

Rp) NN NN NN I trrriiiinfp

(¢) Real zeros: 1, o Vel

[f(x) = (x — 1)(6x2 + 5x — 8); Use Quadratic
Formulaﬂ

xt—13x¢ — 12x =0
X(x®—13x—12) =0

x = 0 isasolution.
Possible rational zerosof x2 — 13x — 12 =0
ae+l,+2, +3 +4, +6and +12. Usinga
graphing utility or synthetic division, you find
that the zerosare 0, —1, —3, 4.

69. f(x) =x®— 2x¢2 — 5x + 10

(@) Zeros: 2,2.236, —2.236

)21 -2 -5 10
2 0 —-10 x=2isazeo
1 0 -5 0

f(x) = (x — 2)(x% — 5)
= (x = 2x + V5)(x = V5)
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73. h(x) = x> — 7x* + 10 + 14x% — 24x
(@ h(x) = x(x* — 7@ + 10x% + 14x — 24)
From the calculator we havex = 0, 3, 4

and x = +1.414.
b3 |1 -7 10 14 24
3 -12 -6 24
1 -4 -2 8 0

f(x) = x(x — 3)(x — 4 — 2

= x(x — 3(x — (x — V2)(x + V/2)

The exact rootsarex = 0, 3, 4, +/2.

77. f(x) = x* — 4x3 + 16x — 16

@5| 1 -4 0 16 —16
5 5 25 205
1 1 5 41 189

5isan upper bound.

-3 21 -63 141
1 =7 21 —47 125

(b)—S‘ 1 -4 0 16 -16

—3isalower bound.

8l f(X) =x— 3@ —x+3
=33 - - 4x + 1)
= 2D@4x — 1) — 1(4x — 1)]
=2(4x — 1)@ — 1)
=34x — D(x + 1(x — 1)

The zeros are%l and £1.

8. fX)=x—x=x(x+ DXx—1)
Rational zeros: 3 (x =0, +1)
Irrational zeros. O
Matches (b).

75. f(x) =x*— 43+ 15

@41 -4 0 0 15
4 0 0 O
1 0 0 0 15

4 is an upper bound.

1 -4 0 0 15
-1 5 -5 5

1 -5 5 -5 20

(b) —1

—1lisalower bound.

79. P(x) = X* — 2x2 + 9
= 2(4x* — 25%2 + 36)
= 242 — 92 — 4)
=72+ 3(2x — J(x + 2)(x — 2)

The zeros are J_r% and £2.

83 fX=x—-1=X—-DX+x+1)
Rationa zeros: 1 (x = 1)
Irrational zeros. O
Matches (d).
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87. (a) 5

e

20 L v v v v 7
10

(b) R = 0.01326t* — 0.06765t> + 1.2306t + 16.6770

© | -2 -1 |0 1 2 3 4 5 6 7

R 13.86 | 1521 | 16.78 | 18.10 | 19.08 | 19.39 | 21.62 | 23.07 | 2441 | 26.48
Model | 13.84 | 1537 | 16.68 | 17.85 | 1897 | 2012 | 21.37 | 22.80 | 24.49 | 26.52

0.15912 1.09764 27.9389
.01326 0.09147 2.3282 44.6159
R(12) = 44.62. No. The model will turn sharply upward.

(d) 12 ‘ 01326  —0.06765 12306 16.6770

89. (8 ~—15— (b) V=1+w+h= (15— 2x)(9 — 2x)x
| e ) = X9 — 20(15 — 2)
Vpi------- 1 93 O Since length, width, and height cannot be negative,
B we have 0 < x < 3 for the domain.

(¢) = (d) 56 = x(9 — 2x)(15 — 2x)
- 56 = 135x — 48x% + 4x3
0= 4x® — 48x® + 135x — 56

The zeros of this polynomid are % % and 8.

0 T — 5 X cannot equal 8 since it is not in the domain of V.
[The length cannot equal —1 and the width cannot
equal —7. The product of (8)(—1)(—7) = 56 so it

The volume is maximum when x = 1.82. showed up as an extraneous solution.]

Thedimensions are. length = 15 — 2(1.82) = 11.36

width = 9 — 2(1.82) = 5.36
height = x = 1.82
1.82 cm x 5.36 cm x 11.36 cm
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91. y = —5.05x3 + 3857x — 38,411.25, 13 < x< 18

(a) 2700

(b) The second air-fuel ration of 16.89 can be obtained
by finding the second point where the curvesy and
y, = 2400 intersect.

13 1 1 1 1 18

(c) Solve —5.05x3 + 3857x — 38,411.25 = 2400 or —5.05x% + 3857x — 40,811.25 = 0. By synthetic division,

15 | =5.05 0 3857 —40811.25
—7575 —1136.25  40811.25
—-505 —7575 2720.75 0

(d) The positive zero of the quadratic —5.05x%> — 75.75x + 2720.75 can be found by the Quadratic Formula.
= 75.75 — /(75.75)2 — 4(—5.05)(2720.75)

~ 16.89
2(—5.05)
93. False, —%isaroot of . 9%.3|6 1 -92 45 184 4 -48
3 2 —45 0 92 48
6 4 -9 0 184 96 0
True.
97. X2 — x4+ 3 99. You can check polynomial division by multiplying
X — 2 )3 — 3@ + 5x" — 6 the quotient by the divisor. This should yield the
331 — Dy2n original dividend if the multiplication was per-
7_)(2“ 4+ By formed correctly.
— X" + 2x"
3X"— 6
3X"—6
0
X3 — 3" + 5x" — 6
Hence, =x"—x"+ 3.

X" — 2

101 (@ (fegx) =f(x*+ 1)
=20@+1) -5
=2x*-3

(b) (g-f)(x) = g(2x — 5)
=(2x-52+1
= 4x2 — 20x + 26

105. f(x) = (x — 1)(x + 3)(x — 8) [answer not unique]

=x -6 —19%x + 24

103. (@) (f-g)(x) = f(4x + x?)

(b) (g F)(x) = g@) _ 4@) . @2
_ Ix + 1
X2

107. f(0) =[x — (2 + V3)[x - (2 - V/3)]
=[x-2 - V3[x-2 + V3]

=(x—-2?-3
=x2—4x+4-3
=x2—4x+1

[answer not unique]



