1079 PART III: Solutions to

Even-Numbered Exercises

122. Given areal number r between —1 and 1, r" approaches O as n increases.

Thus the terms of a geometric sequence,
ay, ajr, a;r3, ars, ...

decrease in magnitude.

124. Let x = amount of cement. Then 90 — x isthe 126. Let 2n and 2n + 2 be the two consecutive even
amount of sand. Thus, integers.
x _1 (2n)(2n + 2) = 624
NVD-x 4 42+ 4n—-624=0
4x =90 — X N>+ n-156=0
5x = 90 (n—12)(n+13) =0
X = 18 pounds of cement Since the integers are positive, n = 12, and the two
0 90 — 18 = 72 pounds of sand. integers are 24 and 26.
128. [4 —1}[ 1 3] _ [6 7}
| 6 2|12 5 2 28
130. [ -1 3 41 -1 0 4 -1 17 -1
-2 8 O0f|-4 3 5|=(-30 24 3R
| 2 5 —-1]f 0 2 -3 —-22 13 36
4 5
132. Y (8 +4) =7+10+ 13 + 16 = 46 134. Y 12 = 5(12) = 60
=1 k=1
Section 9.4  Mathematical Induction

Solutions to Even-Numbered Exercises

4
(k+ 2)(k + 3)

b 4 B 4
K17 [(k+ 1) + 2][(k+ 1) +3]  (k+3)(k+4)

P =

4 P = g(5x _ 3

k +
2

k+1

1
> (5k + 2)

(bk+1) -3 =

Pey1 =

Pe=7+13+19+ -+ [6(—1) + 1] + (6k +
Py1=7+13+19+ -+ (6k+1) + (6(k + 1) +

=7+13+19+ ---+(6k+ 1)+ (6k+ 7)

1)
1
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8. 1. Whenn=1,§ =1=1(201) — 1)
2. Assume that
§=1+5+9+ .+ (4k—-3 =k2k-1)

Then

St

1+5+9+ -+ (@4k—-3 +[4k+1) 3]
=1+5+9+ -+ (4k—-3)+(4k+1)
=X+ (4k + 1)
=k(2k — 1) + (4 + 1)
=2k +3k+1
=(k+12k+1)
=k+12k+1 -1
We conclude by mathematical induction that the formulais valid for all
positive integers n.
10. 1. Whenn = 1,
sl=1=%(3-1—1). .
2. Assumethat S, =1+ 4+ 7+ 10 + ---+(3k—2)=5(3k— 1).
Then,

S =1+4+7+10+ -+ @k—2 + @Bk+1) -2
=S+ @k+1) -2

=g(3k— 1)+ (Bk+ 1)

3k2—k + 6k + 2
B 2
3k2+ 5k + 2

2
_(k+DEk+ 2
2

= %[S(k +1) — 1].

Therefore, we conclude that this formula holds for al positive integer vaues of n.
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12. 1. Whenn=1,§ =2=3' - 1

2. Assume that
S=20+3+F+F+ -+ 3 =31
Then,
Si1=20+3+3F+F+ -+ 3 420 FH1L
:SK+2.3k
=3K-1+2-3
=3-3-1
=3+1-1

Therefore, we conclude that this formula holds for all positive integer values of n.

2
14. 1.Whenn=1,Sl=13=1=¥.
2. Assume that
Kk + 1)2
=B+ B4+FP+L+ - =
S=1B+23+3F+4 K 2
Then,
S =L +282+F+48L+ -+ K+ (k+1)3
2 2 2 2 3
=S<+(k+1)3=@+(k+1)3=k(k+1)1—4(k+1)
_k+ D)+ 4k+ 1] (k+ 12K+ 4k+4)  (k+1)Ak+2)?
4 4 4 '

Therefore, we conclude that this formula holds for all positive integer values of

16. 1. Whenn=1,§ =2=1+ 1

2. Assume that
SK=<1+1)<1+;>(1+;)...(1+i>:k+l_
Then,
3<+1=<1+1)(1+%><1+%)...<1+%><1+k711>
-1+ )
:(k+1)<1+lel>
—k+1+1
=k+ 2

Therefore, we conclude that this formula holds for all positive integer values of n.
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(DAL + DA2(1)? + 2(1) = 1)
12

18. 1. Whenn=1§ = =1
2. Assume that

k2(k + 1)%(2k? + 2k — 1)

k
= i5 =
2 1

Then,

k+1

2|5— E|5+ (k + 1)°

_¢w+gﬁw+%—n+um+w
12 12
C(k+ DKk + 2k — 1) + 12(k + 1)3]
- 12
(kD2 + 2k — K2 + 12(k3 + 3K2 + 3k + 1)]
- 12
_(k+ DF2k* + 14k® + 35k? + 36k + 12]
- 12
_(k+ DAKk> + 4k + 4)(2k* + 6k + 3)
- 12
Ck+t DA+ 272k + D>+ 2(k+ 1) — 1]
B 12 '
Therefore, we conclude that this formula holds for all positive integer values of n.

20. 1. Whenn =1,

1 1
ST0@ " 2+1
2. Assumethar[
K
S= E@—nz+n K+ 1
Then,
1
Se1= ST Qs - DRk+ D + 1)
_ ko, 1
K+ 1 (2k+ DK+ 3)
KK+ 3+ 1
2k + 1)(2K + 3)
2k2+3k+ 1

T (2k+ 2k + 3)
_(Zk+Dk+1
2k + 1)(2k + 3)
k+1
T2k+ D)+
Therefore, we conclude that this formula holds for al positive integer values of n.
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7
22. 1. Whenn =7, (g) ~ 7.4915>7.
4\k
2. Assume that <3> >k k>7.
4\k+1 4\k (4 4 k
— == — > — | = + —>K+ > /.
Then,(3> (3) (3) k<3> k 3 k+ 1fork>7
A\k+1
Thus, (3) >k + 1.

4 n
Therefore, (3) >n.

X\2 X
24. 1. Whenn = 1() <<y> and (0<x<Yy).
X

x\N+1 x\Nn .
Therefore, (y) < <y> for dl integersn = 1.

26. 1. Whenn=1,3! > (1)2¢
2. Assumethat 3¢ > k24, k = 2.
Firstnotethatk = 27 3k = 2k + 2 =2k + 1)
Then, 3¢+1 = 3(34) > 3(k2X) = (3K)2k > 2(k + 1)2k = (k + 1)2x+1,

Therefore 3" > n2" for al integersn = 1.

a1 at
28. 1. Wh =1 =—.
en n (b) b
alk ak
2. A hat{—| = —.
ssume that <b> b

Then (B}t = (&) (a) @, a_ &t
o) T\ \b) Tk b b
ajn an

Thus, (=) =< .

““‘(b) b

30. 1. Whenn =1, Inx; = Inx;.
2. Assume that

IN(X X X5 .- %) = InX; +INX, + InXg + -+ + Inx .

Then, IN(X; X, X35 -+ - X Xt 1) = IN[OXXXg -+« - X ) Xy 1]
= In(X X %3+ - %) + INX,

=Inx, +Inx, +Inx; + -+ Inx + InX ;.
Thus, IN(X; X, X5 . . . %) = InX; +Inx, + Inxg + -+ +1InX,.
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32.

34.

36.

40.

1. Whenn = 1, a + bi and a — bi are complex conjugates by definition.
2. Assumethat (a + bi)*and (a — bi)* are complex conjugates.
That is, if (a + bi) = ¢ + di, then (a — bi)< = ¢ — di.
Then,
(a + bi)**1 = (a + bi)a + bi) = (c + di)(a + bi)
= (ac — bd) + i(bc + ad)
and (a — bi)k*1 = (a — bi)k(a — bi) = (c — di)(a — bi)
= (ac — bd) — i(bc + ad).

Thisimpliesthat (a + bi)k**and (a — bi)*"* are complex conjugates. Therefore, (a + bi)" and (a — bi)" are
complex conjugates for n> 1.

1. Whenn = 1, (22@-1 + 32W-1) = 2 + 3 = 5and 5 is afactor.
2. Assumethat 5 isafactor of (22~ + 3%~1),
Then, (22(k+1)71 + 32(k+1)71) — (22k+271 + 32k+271)

— (22k—122 + 32k—132)

= (4 e 22%-14 9. 32k71)

— (22k71 + 32k71) + (22k71 + 32k71)

+ (22kfl + 32kfl) + (22k71 + 32k71) + 5 . 32k71_

Since 5 is afactor of each set of parenthesis and 5 isafactor of 5 « 3%~1, then 5 isafactor of the whole sum.
Thus, 5isafactor of (22"~ + 32"~ 1) for every poditive integer n.

38 g=4a=28a=2a_;" 8
a,=4
a =2

p=Lla,=a,_,+2
a,=1
y=8+2=1+2=3

=9 +2=3+2=5 = —g=2-—4=-2

y=a+2=5+2=7 y=a,—a=—2—2=-4
y=a+2=7+2=9 y=a—a=—4-2)=-2
a,=04a,=a,_,+3 42. a, = 3,a,=a,_; — N
a=0 a =3

a=a+3=0+3=3
aB=a,+3=3+3=6
ay=a,+3=6+3=9

ap=a —2=3-2=1
p=a—-3=1-3=-2
y=a—-4=-2-4=-6

a=8,+3=9+3=12

a,: 0 3 6 9 12
) i NN NSNS
First differences : 3
) N N\ S
Second differences : 0 0 0

Since the first differences are equal, the sequence
has alinear model.

as=a,~5=-6-5=—11

3 1 ;2 -6 —
First differences: \_2/ R
Second differences: > >1/ _\1/

Since the second differences are al the same,
the sequence has a quadratic model.
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44, ay=0,a,=4a,_, +n

48.

50.

a,=0

y=a+1=0+1=1
a=a +2=1+2=3
B =a+3=3+3=6
ay=a+4=6+4=10

a,: 0 1 3 6 10
. ) NSNS NS NS
First differences : 1 2 3 4
i N/ N/ NS
Second differences : 1 1 1

Since the second differences are equal, the sequence
has a quadratic model.

a=la,=a, ,+m
=1
a=1+12=2
a,=2+22=6
a;=6+32=15
a,=15+4=31

% 1\ /2\ /6\ /15\ /31
First differences : 1 4 9
) NN NS
Second differences : 3 5 7

46. a, = 2,a,=a,_; + 2

a =2

L=a +2=2+2=4
p=a,+2=4+2=6
y=a3,+2=6+2=28
a=a,+2=8+2=10

a,: 2 4 6 8 10
. ) NS NS N\ N\
First differences : 2\ /2\/2\ P
Second differences : 0 0 0

Since the first differences are equal, the sequence
has alinear model.

Since neither the first differences, nor the second differences are equal,

the sequence does not have a linear or a quadratic model.

=38 =348a=15
Leta, = an®> + bn + c. Thus
a,=a0?+b0 +c= 3 0 c=3

a,=al?+bl)+c= 3 0 a+b+c=3
a+b =0
a,=ad?+b@d +c=15 0 16a+4b+c=15
16a + 4b
4a+ b =
By éimination: —a— b =0
da+b=3
3 =3
a=10 b=-1

Thus, a, = N> — n+ 3.

=12
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52. a,= -3, a,=1a8,="9
Leta, = an? + bn + c. Then

a,=a0?+b0 +c=-3 0 c=-3
a=a2?+b2+c= 10 4a+2b+c=1
da+ 2b =4
2a+ b =2
a,=ad?+b4) +c= 9 00 16a+4b+c= 9
16a + 4b =12
da+ b =3
By dimination; —2a — b= -2
da+b= 3
2a =-1

Thus, a, = 30 + n — 3.
54. False. P, might not even be defined. 56. False. It hasn — 2 second differences.

58. (a) If P;istrue and P, implies P, ,, then P, istrue for integersn= 3.
(b) If Py, Py, Py, .. ., Py aredl true, then P, istrue for integers 1 < n < 50.

(c) If Py, P,, and P; are dll true, but the truth of P, does not imply that P, ., , istrue, then you may only conclude that
P,, P,, and P; aretrue.

(d) If P,istrueand P, implies P, . ,, then P, istrue for any positive integer n.

1 -3 S 1 0 . —8
60. [7 6 :—38] row reduces to [0 1 - _3]
Answer: (—8, —3)
62 x—y*=00 x=y 64. 2x+ y—2z= 1
Yy —-2y2=0 X+3y+ z=12
yAy—2 =00 y=0,2 2 1 -2 -3 7 1
Wheny = 0: x = 0° = 0. A=[1 0 -1, Al=% 4 -8 0
Wheny = 2: x =28 =8, 3 3 1 -3 3 1
Points of intersection: (0, 0) and (8, 2) X -3 7 17 1 4
y|=i 4 -8 o 1|=|-1
Z -3 3 1(12 3

Thus, x =4,y= —-1,z= 3.
Answer: (4, —1, 3)



