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CHAPTER 5
Analytic Trigonometry

Section 5.1

Using Fundamental Identities

®  You should know the fundamental trigonometric identities.
(8 Reciprocal Identities
sinu = 1 ccu=—_—
cscu snu
cosu = 1 secu = 1
secu cosu
tanu:i:w cotu=i=@
cotu cosu tanu snu
(b) Pythagorean Identities
siPu+ cosfu=1
1+ tan?u = sec?u
1+ cot?u = csc?u
(c) Cofunction Identities
. [T a .
sm(2 - u) = cosu cos(2 - u) =snu
tan(” - u) = cotu cot(w - u) = tanu
2 2
T T
sec(z—u>=cscu csc(z—u>—secu
(d) Negative Angle Identities
sin(—x) = —sinx csc(—X) = —csc X
cos(—X) = €Oos X sec(—X) = secx
tan(—x) = —tanx cot(—x) = —cot X
You should be able to use these fundamental identities to find function values.
You should be able to convert trigonometric expressions to equivaent forms by using the fundamental
identities.
m  You should be able to check your answers with a graphing utility.
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245 PART I: Solutions to Odd-Numbered Exercises and Practice Tests

Solutions to Odd-Numbered Exercises

1 sinx=§, cosx=% O xisin Quadrant |
/3
COS X 1
2
cotx— L _ L _ /3
t J3 3
secx-izz
COS X
2 23
SCX=3Snx_ /3 3
7 —-25
5. tanx 24,sec 4 O xisinQuadrant Il
cotx—g
7
cosx——%
25
snx = — 1—coszx——l
25
1 25
CCX=——= ——
sinx 7
. . 2 ) 2
9. 9n(—x) = —sihx=—— [ snx=—
(—x) 3 3
. 2 2.5
sinx=—, tanx=—— [ Xx isin
3 5
Quadrant I1.
4
cosx = —/1 —sn?x = — — f
9
cotx = i——f
tan x 2
1 3.5
SEC X = = ——
COS X 5
cscx——l _3
sinx 2
3

13.

sinf=-1,cot6=0 O 9=7

cosf=/1—-sn6=0
sec 6 is undefined.

tan 0 is undefined.
csch= -1

2
3. scH= 2 sinf = —‘2[ O 6isin

Quadrant IV.
Coso_i_i 2
sech V2 2
sng
tan 6 = f =-1
cosf  J2/2
1
cotg=—-=-1
tan 6
csch=—2

.sechp=-1,snp=0 0 o=

cos¢p = —1
tangp =0

cot ¢ is undefined.
CSC ¢ is undefined.

11. tanf# = 4,sinH < 0 O @isinQuadrant |1l

15.

secf=—Vianr g+ 1=—/17
st = L= T
V17 17
1
COtG_Z
sno=-vI—coff=— /1-—==——2
17 V17
_ —4/17
17
V17
osCf = =~ =

By looking at the basic graphs of sin x and
CsC X, we see that asx — g , Sinx — 1and

csc X — 1.
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17.

19.

23.

27.

29. , = — = . - = sec? X
sin? x sin?x coXx Sin?x
The expression is matched with (€).
33. sing(csc p — Singp) = sinpcsc p — i
=sing o sin?¢
sin ¢
=1-sin?¢
= cos?
sin 1 .
37. sca > = (sina) cot a
tan o COS «
1 cos
= (sin a)( . a) =1
COS o sin «
K 1
41. sm(— - x>cscx = COSX * —— = Ccot X
2 sin X
sin ¢ 1 1
45. tangpcsc p = o — = = SEeC
¢ ¢ cos¢p Sn¢ Ccoso ¢
49, 1 — sin? _ 1—cose—sin20: cos? § — cos 6
‘ 1—cos6 1— cos6 1—cosd
_ cos 6(cos 9 — 1) — _cos

By looking at the basic graphs of tan x and cot x, we see that as x — 7—27

. 1 .
csexsinx = ——sinx = 1. Matches (d)
sinx

sn(—-x) _ —sinx _
cos(—X) COoS X

—tan x

The expression is matched with (e).

sect X — tan* x = (sec?X + tan? X)(sec? x — tan? x)

= (sec?x + tan?x)(1) = sec?x + tan® X

The expression is matched with (f).

sec?x—1 ta’x  smx 1

1— cos6

, tanx — ocoand cot x — O.

21. tan?x — sec?x = tan?x — (tan’x + 1) = —1

The expression is matched with (a).

25. COSXCSCX = @ = cot x. Matches (b)
sinx

31

35.

39.

43.

47.

= cot 6 + cot 0

. COSX .
Cot XSinX = ——— SiNX = COSX
sin x

cotX  cosx/sinx
CC X 1/sinx
COSX SinX
= = COSX
sin x 1
sin(—x) sin x
= — = —tanx
COS X COS X
cos’y 1-sn’y
1-sny 1-sny
_ (A +sny)d —siny)
1-sny
=1+ sny
csch  cosf cosh  cosf
secf snH sno  snd
= 2cot 6
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51. cot(=6) _ cgs(—o) ing=-29 gno- _cosg
csc 6 sin(— ) neo
53. sinf + cosfcot @ = sinb + cosec.oise 55. COS,H = COS,B At sﬁn 0
sné 1—sn® 1—-—snéd 1+sné
_sn?6+ cos” 6 _ cos (1 + sin6)
sin @ 1 -dn?6
_ 1 _ cos6(1 + sin 6)
sin 6 cos? 6
=csch _1+siné
cos 6
=secfH + tan 6
57. w+&30=sin20+00529= 1
csch sech
59 1+ cos 6 sin 6 :1+2COSB+COSZH+Sin20
" s8nég 1+ cosé sin §(1 + cos 6)
_ 2+ 2cos6
sin 6(1 + cos )
_ 2(1 + cos )
sin 6(1 + cos )
2
-~ sin6 2cc 0
61. Injcsc 6] = In|=——| = In|sin 6|1 = —In|sin 6|
sin 6
X .
63. cot?Xx — cot2x cos? X = cot? x(1 — co? X) = C.OSZ Sin? x = cos? X

65.

SiXsec?x — singx =

n2 x

sin? x(sec?x — 1) 67. tan*x + 2ta®x + 1 = (tan’ x + 1)?
= sinZ x tan? x = (sec? x)?
= sec* X

69.

73.

sin*x — cos*x = (sin?Xx + cos? xX)(sin? x — cos? X)
= (1)(SiN? X — cos? X)
= s’ X — cos? X

=1+ 2sinxcosx

(secx + D(secx — 1) = sec?x — 1 = tan? X

71. (SinXx + cosx)2 = Si®X + 25N X COSX + COS? X
= (sin?x + cos?X) + 2 sin X cos X
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1+ sinx

co? X + (1 + sinx)?

COS X

cosx(1 + sinx)

2+ 2snx
cosx(1 + sinx)

2(1 + sinx)

N cosx(1 + sinx)

2

COsS X

2 sec X

secx + tanx  3(secx + tanx)

T seCX — tanX  SeCX + tanx  sec? X — ta x

75 1 1 _1—rcosx+ 1+ cosx Cos X
"14+cosx 1-—cosx (14 cosx)(1— cosx) "1+ sinx
_ 2
1 — cos?x
2
sin?x
= 2cse? X
sy  1-cosfy 3
"1—cosy 1-—cosy
_ (1 + cosy)(1 — cosy)
1 — cosy
=1+ cosy
83. y, = cos<72T - x), Y, = Sinx
X 0.2 0.4 0.6 0.8 1.0 1.2 14
A 0.1987 | 0.3894 | 0.5646 | 0.7174 | 0.8415 | 0.9320 | 0.9854
Yo 0.1987 | 0.3894 | 0.5646 | 0.7174 | 0.8415 | 0.9320 | 0.9854
1.0
Conjecture: y, = Y,
ol; """""""" 15
Cos X 1+ sinx
85. Yy = o Vo=
171 gnx 2 coS X
X 0.2 04 0.6 0.8 1.0 12 14
2 12230 | 15085 | 1.8958 | 24650 | 3.4082 | 5.3319 | 11.6814
Y, 12230 | 15085 | 1.8958 | 24650 | 3.4082 | 5.3319 | 11.6814

15

Conjecture: y; =Y,

_ 3(secx + tanx)
1

= 3(secx + tanx)
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COs X

— ——— =tanx
1+ sinx

87. y, = cosxcotX + sinX = €C X 89. y; = secx

v

4 2

N s

-6.28

91. V25— x2= /25— (5snh)? x=5sn#@ 93. /X2 —9= /(BsechH?2—9, x=3secH
= /25 - 25sin26 = /9?6 — 9
= /251 — sir? §) = /9 (sec?6 — 1)
= /25 cos? § = J/9tan? 6
= 5cos6 = 3tan 6

95. X2+ 25 = /(5tan 9)2 + 25, x = 5tan 6
= J/25tan? 6 + 25
= J25(ta? 6 + 1)
= /25sec?9

=5sec 6

97. snf = /1 — cos?6 2

Lety, = sinxandy, = /1 — co?x, 0<x < 2m. L Ya

Y, = ¥, for 0<x< 7, so we have H \\/
sing=.1—co?ffor0< H< . i %

99. sec 9 = V1 + tan? o

4
et -1 andy, = V1 + tan’x, 0<x < 2 JyUk
17 cosx H9Y2 T e ] e L
Y1
T 37 r m
Y1 = Yo for0<x<> and =" <x<2m sowehave 5

3
snf =1+ tan?6 for 0< 0<127 and ?Tr< 0< 2.

. 0
101. In|cos 6] — In|sin 6| = Inm = In|cot 6|
|sin 6|
. + s .
103. In(1 + sinx) — In|sec x| = In‘ls)?x = In|cosx + cosx - sinx

105. (a) csc2132° — cot2132° ~ 1.8107 — 0.8107 = 1

2 2
(b) csc2777 - cot2777 ~ 1.6360 — 0.6360 = 1
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107. cos<7ZT - e) =dno
(8 6= 80°
cos(90° — 80°) = sin 80°
0.9848 = 0.9848
(b) 6 =08
cos(” - 0.8) —s§n08
2
0.7174 = 0.7174
1 1
111. False. 5cosg 53e00
115. cos 6
snh=+1— cos? 6
sin V1 — cos? 6
an § = =+
cos 6 cos 6
csc f = =+ 1
sne V1 — cos?h
sec=——
cos 6
ot = 1 . cos 6
tand ~ V1 — cosfé
The sign + or — depends on the choice of 6.
119. 6 = —212° is coterminal with 148°
0’ = 180° — 148° = 32°
y
o
—212°kJ
123, f(x) = —2tan%x ,
Period: =2

MTERE

1
1
1
1
1
1
1
1
3
I
1
1
1
1
1
1

1 COS X

109. cscxcot X — COSX = —— + —
sinx sinx
= cosx(csc2x — 1)
= COSX * COtZ X
113. False.sinfcsc ¢ # Lunless 6 = ¢
117. 6 = 341°
0’ = 360° — 341° = 19°
y
341/\
N o
121. 6 = 3%:7 is coterminal with %T
i Alm
0’ = 2 6 "6
y
N
&z
351
6
3
125. f(x) = Ecos(x —-m+3 y

Amplitude: g

w ~ 0 o
y L L L
t t t t

— COS X




