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83. False. There might not be 85. 124° = 124°< 1878,) 87. —0.41° = —o.41< 18780)

periodicity, asin the equation ~ 2164 radi

sn(xd = 0 = clbaradians ~ —0.007 radians

. 14 14 14 16 16
80. tn30° =~ 0 x= o Ne 24.249 OL Sin40" = > 0 x= = ~ 24802
3
1. T 1 T

93. f(x) = Zsm(x - E) 95. f(x) = ECOt (X — Z)

y

Section 5.4 Sum and Difference Formulas

®  You should memorize the sum and difference formulas.
sin(u = v) = sSiNuCcosVv + cosusinv
cos(u £ V) = COSUCOSV F sSinusinv

tanu + tanv

1+ tanutanv
m  You should be able to use these formulas to find the values of the trigonometric functions of angles whose

sums or differences are special angles.
m  You should be able to use these formulas to solve trigonometric equations.

tan(u £ v) =

Solutions to Odd-Numbered Exercises

a w a aa . T . T
1 (@ cos(— + —) = C0S—COS— — Sh—sin_

6 3 6 3 6 3
3.1 1. V3 _
2 2 2 2
V3 V3+1

T T 1
(b) cosg + cosg = > >
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L (Tm . 57 o1
. (@ sm<6—3)=sm=sm=

. (& cos(0° + 135°) = cos0° cos135° — sin 0° sin 135°

= Cc0s135° = Y2
2
(b) cosQ° + cos135° =1 — %

(=Y

. (@ sin(315° — 60°)

sin 315 cos 60° — cos 315° sin 60°

4

N
w
|
S

. Sin75° = sin(30° + 45°)
= sin 30° cos 45° + sin 45° cos 30°
_1,V2 V2 8

2 2 2 2

2
= £(1 + J/3)
4
€os 75° = cos(30° + 459)
= c0s 30° cos 45° — sin 30° sin 45°

_V3 Y2 1 2
T2 2 2 2
-3

tan 75° = tan(30° + 45°)
_ tan30° + tan 45°
1 — tan 30° tan 45°
_(V3/3)+1_/3+3 3+.3
T 1-(V/3/3) 3-V3 3+ /3
:6\/§6+12:\@+2

7
(b) sn-— —sino = —= — *2

V3_-1-3
3 2 2 2

21 _J2 J3_-v2-6
2 2

11. sin 105° = sin(60° + 45°)

= sin 60° cos 45° + sin 45° cos 60°

_ V3 V2 V21
2 2 2 2
2

- YA(3+1)

cos(60° + 45°)

€0s 60° cos 45° — sin 60° sin 45°

1 V2 /3 2

2 2 2 2
2
_ 21 )
4

tan(60° + 45°)

tan 60° + tan 45°

1 — tan 60° tan 45°

_V3+1_ /3+1 1+3

1-V3 1-J/3 1+ 3
4+2J3

= =-2-/3
> V3

cos 105°

tan 105°
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. . 11 . (3
13. sin 195° = sin(225° — 30°) 15. snl—; = sn(f + g)
= sin 225° cos 30° — sin 30° cos 225°
. . . 37 T LT T
= —sin 45° cos 30° + sin 30° cos 45° = smjcosE + sngcosj
J2 /3 V2 1
= ——— ¢« —— 4 —— « —
A s
2
-2 )
4 J2
=AV3-1)
€0s 195° = c0s(225° — 30°) 4
- i ; 11 3
= €0s 225° cos 30° + sin 225° sin 30° cos 7 = cod 27 + 77)
= —c0s45° cos30° — sin45° sin 30° 12 4 6
3 3
:?\f_\f; =cosfcos%—sinfsin%
J2 _ Y2 V3 V21
-, 3+ 2 2 2 2
2
tan 195° = tan(225° — 30°) = —{(Jé + 1)
_ tan 225° — tan 30° Mo 37
1 + tan 225° tan 30° n— -~ =t -+

0 __
_ tan45° — tan 30° tan(37/4) + tan(m/6)

1+ tan 45° N
tan 45° tan 30° 1 — tan(37/4) tan(=/6)

1-(J3/3) _3-3 3-.3 _ 1+ (/3/3)
" 1+(V3/3) 3+43 3-.3 1-(-1(V3/3)
_-3+./3 3-8
:12_66\@:2_\@  3+.J3 3-.3
:—12:;6\@:_2+\/§
VT
(-17;) _ sn(g - g) —snTcos”  sin 7 cos T
1. V2 V2 V3_ V2.
2 2 2 2_4(1 V3

co - = COo! T_T —cosﬂcosEJrsiansinE
12 6 4 6 4 6 4
_ V3 V21 V2 V2

2 2 t2 2 T4 V3Y

AN LA tan(7r/6) — tan(w/4)
tan( > B tan(e 4) 1 + tan(w/6) tan(m/4)

(V33 -1_V3-3 J3-3_12-6J3
T1+ (V33 J3+3 J3-3 -6

=-2+.3

19. cos40° cos15° — sin40° sin 15° = cos(40° + 15°) = cos55°

21. sin 340° cos 50° — cos 340° sin 50° = sin(340° — 50°) = sin 290°
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tan 325° — tan 86°

" 1 + tan 325° tan 86°

= tan(325° — 86°) = tan 239°

25. sin3cos1.2 — cos3sinl1.2 =sin(3 — 1.2) =sin18

r o
— _l’_ -
5 S(? 5)

v ar . T o
27. cos;cosf—smfsmfzco

5

7

= COSs

127

35

29.

0.2

04

0.6

0.8

1.0

12

14

Y1

0.9801

0.9211

0.8253 | 0.6967

0.5403

0.3624

0.1700

A

0.9801

0.9211

0.8253

0.6967

0.5403

0.3624

0.1700

31.

0.6

0.8

1.0

1.2

14

0.9017

0.9696

0.9989

0.9883

0.9384

33.

0.9017

0.9696

0.9989

0.9883

0.9384

15

0.2

04

0.6

0.8

1.0

12

14

0.9605

0.8484

0.6812

0.48%4

0.2919

0.1313

0.0289

0.9605

0.8484

0.6812

0.48%4

0.2919

0.1313

0.0289

Y1

sinﬂ+x
2

. T . T
smEcosx + Snx- COSE

Y1

= COS X
Y,

Y, = sin<767 + x)

. T . w
= SlngCOSX-F sinXx - COSE

—lcosx+§sinx
2 2

1
= E(cosx + /3sinx)

=Y,

= CoS(X + ) cos(X — )

(cosx * cosar — Sinx * sin )
[cosx cos 7 + sinxsin 7]
[—cosx] [—cosX]

= COS? X

=Y,
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For Exercises 35-37, we have:

sinu =53, uisin Quadrant| [ cosu=%

COSV = —%, visinQuadrant Il [0 sinv=4

35. sin(u + v) = sinucosv + cosusinv 37. cos(u+ v) = cosucosv — sinusinv

= (3)(=9) + G)E) = 3)(9) - )6

For Exercises 3941, we have:

sinu = %, uisin Quadrant Il [ cosu = =2

cosv = g, visinQuadrant IV [ sinv= —3

39. cos(u + v) = cosu * cOSV — Sinu * sinV 41. sin(v —u) = sinv - cosu — sinu - cosv
-(-3)(6)- (&) (-3 -(-3)(-3)- ()6
25/ \5 25 5 5 25 25/ \5
_—9%+21 -75 -3 _72-28 4
125 125 5 125 125

43. cos(m — ) + sin(; + 0) =coswcosO + sinwsng + singcose + sin 0005127

(=1)(cos 0) + (0)(sn ) + (1)(cos ) + (snH)(0) = —cosh + cosd =0

tanx + tan 7 B tan 7 — tanx
l1—-tanx-tan7T 1+ tanwtanx

_ tanx (_tanx)

45. tan(x + ) — tan(m — X) =

1 1

= 2tanx

47. sin(x +y) + sin(x —y) = SiNXCOSY + SNy COSX + SINXCOSY — SNy COSX = 2SN X COSY

49. cos(x + y)cos(x — y) = [cosx cosy — sinxsiny][cosx cosy + sinxsiny]

COS? X COP Yy — sin? xsin?y
= co? X(1 — sinfy) — sin’xsiry
= co? X — Sin?y(cos? X + SiN? x)

= co X — Sn?y
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51. sin(arcsin X + arccos x)

sin(arcsin x) cos(arccos x) + sin(arccos x) cos(arcsin X)

=Xex+J1-x+J1-x
=x+1-x
=1
1 « 1 —=
A [] A []
1-x2 X
6 =arcsin x 6 = arccos x
53. Let:
u = arctan 2x and V = arccos X
tanu = 2x CosV = X
Vax2+1 - 1 g
u
1 X
sin(arctan 2x — arccosX) = sin(u — V)
= sSNuUCOSV — cosusinv
2X 1
— _ — 2
= e meriViH
o> -J1-x
Jaxe + 1

sinx+7—T +sinx—7l =1
3 3

. T . T . T . T
smxcos§ + cosxsmg + SInXCOS§ —cosxsin; =1

3
2sinx(05) =1
snx=1
T
x=2

2
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a o

57. cogX +—|—cogx——|]=1
S< 4) S< 4)
o . . T o . . TT

cosxcosz — smxsmz — (cos;xcos4 + smxsm) =1

4
—23inx<ﬁ) =1
2
—J/2snx=1
sinx = —i
J2
sinx = —Q
2
50 7o
X=— —
4’ 4
59. tan(x + m) + 2sinx + m) =0

tanx + tan 7

———————— 4+ 2(sinxcos + cosxsinw) =0
1—-tanxtan

tanx + 0
—— 4+ 2[sinx(—1) + cosx(0)] = 0
1 — tanx(0) [sinx(—1) 0)]
tan
X ssnx=0
1
sin x .
—— = 2s8nx
COoS X

SinX = 2SN X Cos X
sinx(1 —2cosx) =0

sinx=0 or COSX =

Xx=0m X =

61. Graphy, = cos(x + Z) + cos<x - Z) and y, = 1.

2

N e

N /.
N

The points of intersection occur at x = 0.7854 and x =~ 5.4978.

-2
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63.

65.

67.

71.

73.

75.

77.

tan(x+7r)—cos<x+727>=0 4

J

6.28

o

-

-4

Answers: (0,0), (314,00 OO0 x=0,n

27X

- el 7 oo ) a5 57 a5 cod ) - 57 (57

t X t X
Vit VY, = ACOSZ’)T<? - X) + AC0527T<$ + X)
2 T
= 2A cos<7> cos <X>
False. See page 404.

cosnwcosfh — sinnrsin @
(=1D)" (cos 6) — (0)(sin )

cos(n + 0)

= (—=1)" (cos 6), where nis an integer.

Czarctanp O tanCzE O snC=
a a

69. False. sin 75° = sin(30° + sin 45°)

= sin 30° cos 45° + cos 30° 45°

_1V2 V3.2
2 2 2 2

_JV2+ U6
- 4

a

b
V@2 T

a

Ja2 + b?d€n(Bo + C) = Ja2 + b2<sin B -

a2

sin @ + cos 9
a=1b=1B=1

b
@ C= arctan5= arctan1 =

L

sing + cos = Va2 + b?sin(Bo + C)
= ﬂsin(o + Z)

12 sin 30 + 5 cos 36
a=12 b=5 B=3
@ C= arctanE = a\rc'[ané =~ 0.3948
a 12
12sin360 + 5co0s30 = /a2 + b?sin(BO + C)
~ 13sin(36 + 0.3948)

+ - cosBO| = asinBO + bcosB

g _actan1="
b 4
sin @ + cos 9 = a2 + b?cos(Bo — C)

o
= 2 —_ —
COS(O 4)

(b) C = arctan

a 12
(b) C = arctan = arctang =~ 1.1760

b
12sin30 + 5cos30 = Va2 + b2cos(B — C)
~ 13 cos(36 — 1.1760)
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79 C=arctan*=7*27E| a=0
Ja@+p=20 b=2
B=1

25in(0 + 727) = (0)(sin 0) + (2)(cos H) = 2 cos 6

. From the figure, it appearsthat u + v = w. Assume that u, v, and w are al in Quadrant I. From the figure:

tanu=£=1
3 3
tanv=> ==
2s 2
tanw=§=1
s
tan(u+v):tanu+tanv . 1/3+1/2  5/6 — 1= tanw.

1—tanutanv 11— (1/3)(1/2) 1 - (1/6)
Thus, tan(u + v) = tan w. Because u, v, and w are al in Quadrant |, we have
arctan[tan(u + v)] = arctan[tan w]

u+v=w.
tan7 + tan 6 2
l-tanwtan 6 ! !
0+ tan 6 | |
— . 0 L e 6.28
1_(0)tan0 1 !
=tan 6 | |

co Z+h —coslT
6 6

h

(h)=COSlTCOSh_1 —sinﬂ sinh
g 6 h 6\ h

(8) The domains are both (—oo, 0), (0, o).

. f(h) =

® [ h 0.01 0.02 0.05 0.1 0.2 0.5
f(h) |—0.5043 | —0.5086 | —0.5214 | —0.5424 | —0.5830| —0.6915
g(h) | —0.5043 | —0.5086 | —0.5214 | —0.5424 | —0.5830| —0.6915

(©) 1 (d) Thevaluestendtoy = —%.




